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We construct a two-parametric family of integrable models and reveal their underlying duality
symmetry. A modular subgroup of this duality is shown to connect non-interacting modes of different
systems. We apply this solution and duality to a Richardson-Gaudin model and generate a novel
integrable system termed the s-d wave Richardson-Gaudin-Kitaev interacting chain, interpolating s-
and d- wave superconductivity. The phase diagram of this model has a topological phase transition
that can be connected to the duality, where the occupancy of the non-interacting mode serves as a
topological order parameter.
Introduction. Integrable models (IM) play a crucial
role in our understanding of low-dimensional statisti-
cal systems and condensed matter physics. One funda-
mental example of exactly-solvable many-body systems
is the model of a one-dimensional Bose gas interact-
ing via a short-range (delta-function) contact potential,
the so-called Lieb-Liniger (LL) model [1, 2]. Several re-
markable properties of this model were subsequently ob-
tained since its discovery in the sixties: the absence of
Bose-condensation for any interaction strength, effective
fermionization at infinitely large repulsion strengths, the
power-law correlations at low energies as indication of the
Luttinger liquid behavior and the absence of thermaliza-
tion in non-equilibrium setups [9]. Various predictions of
the Bethe ansatz solution of this model have also been ex-
tensively checked experimentally in cold atomic systems
[3–8], and applications of this integrable model currently
go far beyond the physics of 1D cold gases [10–16]
However, the LL model does not exhaust all integrable
continuum models in 1D. In particular, the Yang-Gaudin
model generalizes it to interacting fermions [18], and mul-
ticomponent mixtures of point-interacting models have
been obtained by Sutherland [19]. In a set of remark-
able papers, C. N. Yang also generalized the LL model
to particles in arbitrary representation of the symmetric
group [20, 21]. These models allow for integrable gener-
alizations when an isolated impurity is coupled to inter-
acting fermions. This gave rise to solvable Kondo and
Anderson models [22] which were instrumental in under-
standing the correctness of the numerical renormalisation
group of Wilson and Kogut [23], and allowed to obtain
exact expressions for observables and paved the way for
the physics of non-Fermi liquid systems [24].
The models mentioned above are defined in a con-
tinuum, while important models on a one-dimensional
lattice play, perhaps, an even more fundamental role.
In particular, the Hubbard model [25] and its large-
interaction limit, the spin-1/2 Heisenderg model [18],
were instrumental in understanding the nature of quan-
tum phase transitions in low-D, fractionalized excita-
tions, spin-charge separation and the importance of topo-
logical phenomena. Eventually, accumulation of this
knowledge resulted in the universal paradigm of Lut-
tinger liquids [26], a low-D counterpart of the concept
of a Fermi liquid.
Another broad class of solvable many-body models, the
so-called Richardson-Gaudin models [18, 27, 28, 31, 32],
can be obtained as a particular limit of spin-1/2 model
where inhomogeneities are allowed. This class of models
embraces the Tavis-Cummings and Dicke models of su-
perradiance [29], Richardson’s reduced BCS model of su-
perconductivity [30–33], central spin model of electrons
in quantum dots and nitrogen vacancy centers in dia-
mond [34], Lipkin-Meshkov-Glick models of nuclei [35],
and many more. This class of models is popular because
of their relevance for solid-state based quantum compu-
tation, quantum decoherence, quantum information and
excitation energy transfer.
Integrable models have attracted increasing interest
in contemporary field and string theory. This inter-
est emerged in a 2D context [36], and independently in
3D with invariants of knots [37], continuing in 4D with
the AdS/CFT correspondence [38] and supersymmetric
gauge theories [39], and led to contemporary develop-
ments in Ref. [40]. Dualities in various forms were always
a close companion of these developments [41]. The recent
echo of these ideas into the realm of condensed matter
physics [42] may become a powerful tool for better under-
standing quantum criticality, correlated and topological
states of matter [43].
Motivated by these developments, we here investigate a
basic integrable model from the duality point of view and
reveal a symmetry which is reminiscent of the duality in
certain string theories [44] and the fractional Hall effect
[45]. Using this duality we reveal new integrable models
and, studying a particular case in more detail, find a
topological phase and phase transition.
Integrability and the Yang-Baxter equation. A key in-
gredient of the integrability of all these models is the
fact that any three-body scattering factorizes into two-
body scatterings, which obey the Yang-Baxter equation
(YBE). Individual two body scatterings are parameter-
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2ized by S- or R-matrices where the latter used in the
case of integrable lattice models. Integrability condi-
tions on the R-matrices are given by the celebrated
Yang-Baxter equation, R12(u, v)R13(u,w)R23(v, w) =
R23(v, w)R13(u,w)R12(u, v), which expresses a factoriza-
tion property of scattering between three particles (la-
beled by 1, 2, 3) with respective rapidities u, v, w. The
simplest known solution, suggested by Yang [20, 21], is
the rational R-matrix given by
R12(u, v) = b(u, v)I12 + c(u, v)P12, (1)
where I12 and P12 are the identity and permutation op-
erators acting in the direct product of the two Hilbert
spaces for particles 1 and 2, with the rational functions
defined as
b(u, v) =
u− v
u− v + η , c(u, v) =
η
u− v + η , (2)
depending on a free parameter η ∈ C and satisfying
b(u, v) + c(u, v) = 1. The Richardson-Gaudin limit is
defined as η → 0, where the inclusion of inhomogeneities
can be used to obtain a non-trivial limit.
In this paper we are interested in the general two pa-
rameter solution for the R-matrix of the rational form.
For that we parametrize it as [58]
R12(u, v) = I12 + F (u, v)P12. (3)
Substituting this ansatz into the YBE leads to the fol-
lowing functional equation for F (u, v)
F (u, v)F (u,w) + F (u,w)F (v, w) = F (u, v)F (v, w). (4)
Manifestly, the well-known form (2) for F (u, v) ≡
c(u, v)/b(u, v) = η/(u − v) is a direct solution of this
equation. We found a general two parameter solution
[59] to Eq. (4) in the class of rational functions. This
solution is parametrized by two free couplings and could
generate new integrable many-body 1D systems with pos-
sibly as many physical applications as the Lieb-Liniger or
spin models before. The same functional equation as in
Eq. (4) defines a class of Richardson-Gaudin models,
which can be used to illustrate the possibilities of this
parametrization.
Generalization of the known solution. Since we are
looking for a rational generalization of Eq. (2), the fol-
lowing ansatz is considered for the function F (u, v)
F (u, v) =
1
u− v
N∑
p,q=0
cp,qu
pvq, (5)
where the coefficients cp,q are to be determined. Here the
order N of the polynomial is assumed to be finite [60].
The first observation is the following. A combination
of analytical and numerical checks leads to the following
general solution of Eq. (4)
F (u, v) =
c20 + c0c1(u+ v) + c
2
1uv
u− v , (6)
where c0 and c1 are free parameters (trivially related to
cp,q in (5)). Polynomials of higher order in u, v do not
provide a solution to Eq. (4).
SL(2) duality of integrable models. The second im-
portant observation is an intrinsic SL(2) duality sym-
metry associated with this solution. Namely, one can
notice that if the rapidities u and v of the matrix (3) are
transformed according to the fractional-linear conformal
transformation (k ≡ (u, v)),
k˜ =
αk + β
γk + δ
, αδ − γβ = 1, (7)
the solution (6) remains the same iff the couplings c0 and
c1 are simultaneously transformed as(
c˜0
c˜1
)
=
(
δ β
γ α
)(
c0
c1
)
. (8)
Here, the unimodularity condition αδ − γβ = 1 is es-
sential. The rapidities k = (u, v) are, in principle, al-
lowed to take arbitrary complex values, so the parame-
ters α, β, γ, δ could be complex as well, thus transforming
under the group SLk(2,C) (the subscript k denotes that
they act on the rapidities). While at the moment the cou-
plings c0,1 can be considered complex as well, we however
restrict ourselves to the real domain.
While this symmetry is preserved at the level of the
scattering matrix and the YBE equation, it acts how-
ever nontrivially on a system with fixed external bound-
ary conditions (say, periodic). The condition of single-
valuedness of the wave function then leads to the Bethe
equations, which are derived in the general form in the
Supplementary material. The solutions of the Bethe
equations are then not symmetric with respect to the
transformations (7) and (8), but rather generate a dual-
ity between different models, since they relate different
physical models. In this case, the SL(2,R) symmetry
is similar to the duality in string theory (e.g., in IIB su-
perstring theory) relating theories with different coupling
constants [44].
It is important to note that there are special points
in the space of rapidities when the scattering matrix
trivializes and R(u, v) ≡ 1. This happens when some
of the radidities satisfy u = −c0/c1. In this case the
Bethe equations reduce to quantization conditions for
non-interacting particles. This observation combined
with the SL(2,R) duality implies that a subgroup of the
latter, the modular group SL(2,Z), connects, in a sense
of duality transformation all free, noninteracting modes
of the model.
Richardson-Gaudin limit. Starting from a solution to
the Yang-Baxter equation, exactly solvable models can
be constructed containing either bosonic or spin degrees
of freedom, depending on the representation of the alge-
bra. In this regard, a solution to the functional equation
(4) is also known to determine integrable Richardson-
Gaudin spin systems [18, 27, 28, 31–33]. A class of inte-
grable spin systems can be obtained by plugging in the
3solution (6), and the influence of the SL(2,R) symmetry
can be made apparent.
Richardson-Gaudin models are characterized by a set
of conserved charges
Qi = S
z
i −
∑
j 6=i
Fij
[
1
2
(
S+i S
−
j + S
−
i S
+
j
)
+ Szi S
z
j
]
, (9)
with the demand [Qi, Qj ] = 0 leading exactly to Eq.
(4) with Fij ≡ F (i, j) with arbitrary inhomogeneities
i,j ∈ R. Inserting Yang’s solution then leads to the
rational Richardson model, best-known in the context
of superconductivity and the BEC-BCS crossover [27],
while the solution (6) leads to the rational limit of a
parametrization proposed in [30]. For this parametriza-
tion, the conserved charges are explicitly invariant un-
der the SL(2,R) symmetry. An integrable Hamiltonian
can then be constructed by taking a linear combina-
tion of these conserved charges, satisfying [H,Qi] = 0
by construction. However, the choice of linear combi-
nation can break the SL(2,R) invariance, similar to the
choice of boundary conditions in the generic Bethe ansatz
model, possibly leading to a non-trivial phase diagram.
A large variety of resulting integrable Hamiltonians can
be obtained depending on the parametrization and the
choice of a Hamiltonian, but we will illustrate some of
the resulting physics with a specific model based on the
Richardson-Gaudin-Kitaev chain describing topological
superconductivity in fermion chains [50].
By mapping the spin su(2) algebras to fermion pairing
operators, an integrable Hamiltonian can be found as
H =
∑
k
kc
†
kck −
G
2
(C†C + CC†)− G
4
BB, (10)
C† =
∑
k>0
ηkc
†
kc
†
−k, B =
∑
k
ηkc
†
kck, (11)
for one-dimensional fermions with momentum k and
single-particle spectrum k = −2t1 cos k − 2t2 cos 2k,
and interactions modulated by ηk = 4 sin
2(k/2)(t1 +
4t2 cos
2(k/2)) with interaction strength G. These are re-
lated to the previous parametrization through
√
Gηk =
c0+c1k with 2(t1+t2) = c0/c1 and G
−1 = 2c−21 −
∑
k ηk,
see [57].
This model is integrable for any choice of the momen-
tum k-distribution, and describes a chain with either
nearest neighbour-interactions (t2 = 0) or long-range in-
teractions (t2 6= 0) in real space, on top of which pairing
interactions (C†C) and long-range interactions (B) have
been added. This model can be seen as a variant on the
Richardson-Gaudin-Kitaev chain [50] with pairing inter-
actions interpolating between s- and d-wave pairing [7],
also motivating the choice of parametrization. In the
determination of the phase diagram, a crucial element
is that the interaction vanishes at certain finite values
of the momentum (here k = 0, for which ηk = 0 and
k = −c0/c1 by construction). Equivalently, this corre-
sponds to trivial particle scattering with Fij = 0. The
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FIG. 1: The energy per site e = E/L and its first and
second derivative as a function of the interaction strength
g = GL for systems of length L at half-filling and periodic
boundary conditions. The system parameters are t1 = 1 and
t2 = 0, with gc = GcL marked by vertical lines for different
system sizes and moving toward g−1c = −2(t1 + t2) in the
thermodynamic limit (here −1/2).
existence of non-interacting modes in Richardson-Gaudin
models has previously been linked to the existence of
Majorana fermions in particle-number conserving mod-
els [49, 50] and topological phase transitions [4, 5, 7].
This can be illustrated on the model at hand, where the
ground state energy can be exactly obtained for large sys-
tem sizes because of the exact solvability. In Fig. (1) we
plot the energy per site and its first and second derivative
for varying interaction strength. For finite system sizes,
the discontinuity in the first derivative points to a first-
order quantum phase transition. In the thermodynamic
limit this discontinuity vanishes and the second deriva-
tive diverges, indicating a second-order phase transition,
consistent with recent results on the thermodynamics of
topological phases [55].
Furthermore, this is a phase transition between a topo-
logically non-trivial phase (G > Gc) and a topologi-
cally trivial phase (G < Gc). This can be obtained
from mean-field theory in the thermodynamic limit [7],
or from the recently-proposed characterization of topo-
logical superconductivity in number-conserving systems
for finite system sizes [49, 50]. Following this last route,
the occupation of the single-particle levels for vanishing
momentum k can be seen as the one-dimensional equiv-
alent of a winding number [49, 50, 54], and it can be
checked that limk→0 nˆk = 1 in the topological phase and
limk→0 nˆk = 0 in the trivial phase.
This transition can be understood through symme-
try arguments. The Hamiltonian undergoes a quan-
tum phase transition at G−1c = −
∑
k ηk, which can be
mapped back to a limit where c1 → ∞ while c0/c1 re-
mains fixed. In this limit, the conserved charges reduce to
4those of the Gaudin model, which has an additional su(2)
total spin-symmetry compared to the Richardson-Gaudin
models [18]. This symmetry results in level crossings in
the spectrum between states with different particle num-
bers (spin-projection). Combined with the existence of
a non-interacting level, this leads to level crossings be-
tween states with the same particle number at the sym-
metric point, since changing the occupation of the non-
interacting level does not influence the energy. The quan-
tum phase transition is then caused by a level crossing of
two levels with different occupations of this level, leading
to a vanishing chemical potential and a change in topo-
logical invariant [54]. Similarly, the rapidity distribution
in complex space also undergoes a transition, as shown in
the supplementary material and which is expected for a
quantum phase transition [56]. The SL(2,R) symmetry
can again be compared to the field theory duality which
relates theories with different coupling constants, since
the ground state can be mapped to eigenstates of the
Richardson model in different regimes (c21 and c
2
0 change
sign at the phase transition). It should be stressed that
the existence of such a transition does not depend on
the specific choice of Hamiltonian, but is a fundamental
property of the new parametrization (with c1 6= 0) and
the resulting combination of total spin su(2)-symmetry
and the SL(2,R) symmetry.
Discussion and conclusions. In this paper we presented
a general rational solution of the Yang-Baxter relation in
the fundamental (spin-1/2) representation. A hidden du-
ality of this solution was demonstrated, connecting differ-
ent models, and a modular subgroup SL(2,Z) of this du-
ality connects special non-interacting modes of different
systems. Constructing a Richardson-Gaudin model from
this solution, it was shown how in these models the non-
interacting modes serve as a topological order parameter
and are responsible for a topological phase transition.
While here we mostly focused on a Gaudin-Richardson
limit of this solution it can be directly extended to in-
homogeneous spin chains, Lieb-Liniger type models, and
higher spin models.
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Supplementary Material
S1. A MOST GENERAL RATIONAL SOLUTION FOR THE YANG-BAXTER EQUATION:
ALGEBRAIC BETHE ANSATZ AND RICHARDSON-GAUDIN LIMIT
Algebraic Bethe Ansatz
In order to be self-contained, we first derive the general form of Bethe equations for the model under study and
show how to derive Richardson-Gaudin integrability starting from a solution to the Yang-Baxter equation [1]. Given
such an R-matrix parametrized as
R12(u, v) =
I12 + ηF (u, v)P12
1 + ηF (u, v)
=
1 0 0 00 b(u, v) c(u, v) 00 c(u, v) b(u, v) 0
0 0 0 1
 , (S1)
with b(u, v) = 1/(1 + ηF (u, v)) and c(u, v) = ηF (u, v)/(1 + η(u, v)), the building block of any integrable model is a
Lax operator satisfying
R12(u, v)Lj,1(u)Lj,2(v) = Lj,2(v)Lj,1(u)R12(u, v), (S2)
from which a monodromy matrix Ta(u) and a transfer matrix τ(u) can be constructed as
Ta(u) = LL,a(u) . . . L2,a(u)L1,a(u) =
(
A(u) B(u)
C(u) D(u)
)
a
, τ(u) = Tra [Ta(u)] = A(u) +D(u), (S3)
where the indices i = 1 . . . L denote the physical Hilbert spaces, and a is an auxiliary space which is traced over (this
construction corresponds to periodic boundary conditions). This gives rise to a continuous set of commuting operators
[τ(u), τ(v)] = 0, ∀u, v ∈ C. (S4)
Following the usual techniques of the Algebraic Bethe Ansatz, the parametrization of the R-matrix in terms of b(u, v)
and c(u, v) allows results to be directly transferred to the present situation [1]. The eigenstates of τ(u) are given by
Bethe states
|{λ}N 〉 =
N∏
j=1
B(λj) |0〉 , (S5)
acting on a vacuum state satisfying C(u) |0〉 = 0, A(u) |0〉 = a(u) |0〉 and D(u) |0〉 = d(u) |0〉, leading to eigenvalues
τ(u|{λ}N ) = a(u)
N∏
k=1
1
b(λk, u)
+ du)
N∏
k=1
1
b(u, λk)
, (S6)
provided the Bethe equations are satisfied
a(λl)
d(λl)
N∏
k 6=l
b(λl, λk)
b(λk, λl)
= 1, ∀l = 1 . . . N. (S7)
Richardson-Gaudin integrability
The limit η → 0 is known as the quasi-classical limit, leading to the class of integrable Richardson-Gaudin models
[2, 3]. This can be seen as a linearization of the usual construction, where a series expansion for the R-matrix in η
results in
R12(u, v) = I12 − ηR12(u, v) +O(η2), (S8)
S1
defining the quasi-classical R-matrix as
R12(u, v) = F (u, v)(I12 − P12) = −2F (u, v)
(
~S1 · ~S2 − 1
4
)
. (S9)
A Lax operator can be obtained from the R-matrix as Lj,a(u) = gaRaj(u, j) with j ∈ R and ga = e−2ηSza/L
acting solely on the auxiliary space, satisfying the RLL-relation (S2) by construction. This operator can similarly be
expanded in η as
Lj,a(u) = Iaj − 2η
[
Sza
L
− F (u, j)
(
~Sa · ~Sj − 1
4
)]
+O(η2). (S10)
Taking the quasi-classical limit, the only non-trivial contributions to the transfer matrix will be at values u = j ,
where
τ(j) = Tra [LL,a(j) . . . Lj+1,a(j)gaPajLj−1,a(j) . . . L1,a(j)]
=Lj−1,j(j) . . . L1,j(j)LL,j(j) . . . Lj+1,j(j)gj , (S11)
due to the cyclic invariance of the trace. Retaining all first-order terms in η in the quasi-classical limit then results in
τ(j) = 1− 2η
Szj − L∑
k 6=j
F (j , k)
(
~Sj · ~Sk − 1
4
)+O(η2). (S12)
It follows that the operators
Qj = S
z
j −
L∑
k 6=j
F (j , k)
(
~Sj · ~Sk − 1
4
)
, j = 1 . . . L, (S13)
construe a set of conserved operators [Qi, Qj ] = 0,∀i, j = 1 . . . L, which are exactly the conserved charges defining a
class of Richardson-Gaudin models.
Taking the η → 0 limit of the Bethe states and Bethe equations, these conserved charges can again be immediately
diagonalized with Bethe states
|{λ}N 〉 =
N∏
j=1
B(λj)|0〉, B(λ) =
L∑
j=1
F (j , λ)S
−
j , |0〉 = | ↑ . . . ↑〉, (S14)
where the eigenvalues follow as
Qj |{λ}N 〉 = 1
2
(
1−
N∑
k=1
F (j , λk)
)
|{λ}M 〉, (S15)
provided the rapidities satisfy the Bethe equations
− 1 + 1
2
L∑
j=1
F (j , λk)−
N∑
l 6=k
F (λl, λk) = 0, k = 1 . . . N. (S16)
S2. DERIVING THE RICHARDSON-GAUDIN HAMILTONIAN
Starting from the conserved charges (where a constant has been subtracted)
Qi =
(
Szi +
1
2
)
−
L∑
j 6=i
Fij
[
1
2
(
S+i S
−
j + S
−
i S
+
j
)
+ Szi S
z
j
]
,
(S17)
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FIG. S2: Real and imaginary parts of the rapidities {λ1 . . . λN} for a system with the parameters of Figure 1 at half-filling
with L = 20, N = 10 and varying g = GL. The vertical line marks gc = GcL, while the horizontal red line marks
limk→0 k = −2(t1 + t2).
with Fij = F (i, j) = (c0 + c1i)(c0 + c1j)/(i− j) = Gηiηj/(i− j) (with
√
Gηi = (c0 + c1i)), taking H =
∑
i iQi
results in
H =
L∑
i=1
(
Szi +
1
2
)
− G
2
L∑
i,j 6=i
ηiηj
[
1
2
(
S+i S
−
j + S
−
i S
+
j
)
+ Szi S
z
j
]
.
(S18)
The Hamiltonian can now be rewritten by associating a one-dimensional (positive) momentum k with each
level and mapping the su(2)-algebra to a quasispin algebra, introducing the fermion pair operators Szk =
1
2
(
c†kck + c
†
−kc−k − 1
)
≡ 12 (nk + n−k − 1), S+k = c†kc†−k ≡ b†k and S−k = c−kck ≡ bk. This leads to a Hamilto-
nian ∑
k
kQk =
1
2
∑
k
k (nk + n−k)− G
4
∑
k,k′
ηkηk′
(
b†kbk′ + bkb
†
k′
)
− G
8
∑
k,k′
ηkηk′ (nk + n−k) (nk′ + n−k′)
+
G
8
∑
k,k′
ηkηk′ (nk + n−k + nk′ + n−k′) + Cst. (S19)
The sum over k′ 6= k has been extended to include k = k′ by adding and subtracting the Casimir operators of the
spin algebras from the Hamiltonian, since these only lead to a global shift in the energy and can be absorbed in the
constant term. By grouping terms together, we can get∑
k
kQk =
1
2
∑
k
k (nk + n−k)
[
1 +
c1
2
∑
k′
(c0 + c1k′)
]
− G
4
∑
k,k
ηkηk′
(
b†kbk′ + bkb
†
k′
)
− G
8
∑
k,k′
ηkηk′ (nk + n−k) (nk′ + n−k′) +
1
4
∑
k′
(c0 + c1k′)
∑
k
(nk + n−k) + Cst. (S20)
Since the total number of fermions
∑
k(nk + n−k) is a symmetry of the system, this term also reduces to a constant,
and this total operator can be divided by 12
[
1 + c12
∑
k(c0 + c1k)
]
, resulting in the proposed Hamiltonian with
k = −2t1 cos k − 2t2 cos 2k, 2(t1 + t2) = c0/c1 and G−1 = 2c−21 −
∑
k ηk. At the phase transition c
2
1 →∞ with c0/c1
fixed, which is reflected in G−1c = −
∑
k ηk.
S3. NUMERICAL SOLUTIONS TO THE RICHARDSON-GAUDIN EQUATIONS
The solutions to the Richardson-Gaudin equations for the ground state of the presented Hamiltonian are given in
Fig. S2. These always arise as either real variables or in complex pairs, and it can be seen that for G = Gc, all
S3
solutions collapse to a single point λα = −c0/c1 = −2(t1 + t2) corresponding to the non-interacting mode. Similar
behaviour has been observed in p-wave [4–6] and extended d-wave superconductors [7]. For g > gc a single variable
λ = −2(t1 + t2) = limk→0 k, unlike for g < gc, indicating a change in the topological invariant limk→0 nk from 1 to 0.
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